Let E be an elliptic curve over Q. The famous theorem of Mordell-Weil states that E(Q) E(Q) tors × Z r , and by a theorem of Mazur [15] we know that only possible torsion groups over Q are E(Q) tors = Z/mZ; m = 1, 2, . . . , 10 or 12, Z/2Z × Z/2mZ; m = 1, 2, 3, 4.
In the present paper we prove that B r (Z/2Z × Z/2Z) ≥ 4 by different method. Namely, we use the theory of, so called, Diophantine m-tuples. By specialization, we obtain an example of elliptic curve over Q with torsion group Z/2Z × Z/2Z whose rank is equal 7, which shows that B(Z/2Z × Z/2Z) ≥ 7.
Construction
A set of m non-zero rationals {a 1 , a 2 , . . . , a m } is called a (rational) Diophantine m-tuple if a i a j + 1 is a perfect square for all 1 ≤ i < j ≤ m (see [4] ).
Let {a, b, c} be a Diophantine triple, i.e.
ab + 1 = q 2 , ac + 1 = r 2 , bc + 1 = s 2 . Then it can be easily checked that ad + 1, bd + 1, cd + 1, ae + 1, be + 1 and ce + 1 are perfect squares. For example, ad + 1 = (as + qr) 2 . Let us mention that for a, b, c positive integers there is a conjecture that if x is a positive integer such that {a, b, c, x} is a Diophantine quadruple, then x has to be equal to d or e. This conjecture was verified for some special Diophantine triples (see [2, 5, 6, 7, 10] ).
Furthermore, assume that de + 1 is also a perfect square. Note that this is impossible if a, b, c are positive integers and de = 0, but it is possible for rationals a, b, c.
Consider now the elliptic curve E : y 2 = (bx + 1)(dx + 1)(ex + 1).
One may expect that E has at least four independent points of infinite order, namely, points with x-coordinates 0, a, c, 1 bde .
The main problem is to satisfy condition de + 1 = w 2 . It can be done, for example, in the following way. Let a be fixed. Put b = ak 2 + 2k. Then q = ak + 1, and put c = 4q(q − a)(b − q). It is easy to check that now {a, b, c} is a Diophantine triple. Namely, r = q 2 + ab − 2aq and s = q 2 + ab − 2bq. Furthermore, let ak = t. Now the condition de + 1 = w 2 becomes
There are two obvious solutions of (1), namely, (k 0 , w 0 ) = (0, t(2t+1)(2t+3)) and (k 1 , w 1 ) = (1, 1), but in both cases we have bcd = 0, and therefore they do not lead to a usable formula. However, using the solution (k 0 , w 0 ) we may construct a non-trivial and usable solution of (1). Denote the polynomial on the left side of (1) by F (k, t).
Then from the condition G(k, t) = 0 we obtain a non-trivial solution of (1):
Using (2) we obtain the following expressions for b, d and e: 
Theorem 1 Let b(t), d(t) and e(t) be defined by (3), (4) and (5) . Then the elliptic curve
over Q(t) has the torsion group isomorphic to Z/2Z × Z/2Z and the rank greater or equal 4.
, 0) form a subgroup of the torsion group E tors (Q(t)) which is isomorphic to Z/2Z × Z/2Z. By Mazur's theorem and a theorem of Silverman ([19, Theorem 11.4, p.271]), it suffices to check that there is no point on E(Q(t)) of order four or six.
If there is a point D on E(Q(t)) such that 2D ∈ {A, B, C}, then 2descent Proposition (see [9, 4.1, p.37] ) implies that at least one of the ex-
is a perfect square. However, by specialization t = 1 we see that this is not the case.
If there is a point F = (x, y) on E(Q(t)) such that 3F = A, F = A, then from 2F = −F + A we obtain the equation
where
One can easily check that e.g. for t = 1 the equation (7) has no rational solution. Similarly we can prove that there is no point F on E(Q(t)) such that 3F = B, F = B or 3F = C, F = C. Therefore, we conclude that E tors (Q(t)) is isomorphic to Z/2Z × Z/2Z. Now, we will prove that four points with x-coordinates 0, 
are independent Q(t)-rational points. Since the specification map is always a homomorphism, we only have to show that there is a rational number t for which above four points are specialized to four independent Q-rational points. We claim that this is the case for t = 1.
We obtain the elliptic curve It is sufficient to prove that the points P, Q 1 , R 1 , S 1 are independent. The curve E * has three 2-torsion points:
A * = (−11888861752320, 0), B * = (−5253470166461440, 0),
Consider all points of the form For all of these 63 points at least one of the numbers x + 11888861752320 and x + 5253470166461440 is not a perfect square. Hence, from 2-descent Proposition ([9, 4.1, p.37]) it follows that X ∈ 2E(Q). Assume now that P, Q 1 , R 1 , S 1 are dependent modulo torsion, i.e. that there exist integers i, j, m, n such that |i| + |j| + |m| + |n| = 0 and
where T ∈ {O, A * , B * , C * }. Then the result which we just proved shows that i, j, m, n are even, say i = 2i 1 , j = 2j 1 , m = 2m 1 , n = 2n 1 , and T = O. Thus we obtain
Arguing as above, we conclude that i 1 , j 1 , m 1 , n 1 are even, and continuing this process we finally obtain that i = j = m = n = 0, a contradiction.
By a theorem of Silverman ([19, Theorem 11.4, p. 271]), the specialization map is an injective homomorphism for all but finitely many points t ∈ Q. This fact implies that by specialization of the parameter t to a rational number one gets in all but finitely many cases elliptic curves over Q of rank at least four, and with subgroup of the torsion group which is isomorphic to Z/2Z × Z/2Z. Hence, we have Corollary 1 There is an infinite number of elliptic curves over Q with three non-trivial 2-torsion points whose rank is greater or equal 4.
An example of high-rank curve
We used the program mwrank (see [3] ) for computing the rank of elliptic curves obtained from (6) by specialization of parameter t. However, since the coefficients in the corresponding Weierstraß form are usually very large, we were able to determine the rank unconditionally only for a few values of t. The following table shows the values of t for which we were able to compute the rank. Hence, we obtain Theorem 2 There is an elliptic curve over Q with the torsion group Z/2Z × Z/2Z whose rank is equal 7.
Let us write this example of the curve with rank equal 7 explicitly: 
